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APPENDIX A: PROOFS OF TECHNICAL RESULTS

As is standard, we write a,, =< b, for two positive sequences a,, and b,
if there exist two constants C; and Cy (possibly depending on ¢) such that
Cia, < by, < Chay, for all n. Also, we write a,, ~ by, if ay, /b, — 1.

A.1. Proofs for Section 2. We remind the reader that the proofs in
this subsection rely on some lemmas to be stated later in the Appendix.

__PrROOF OF (2.1). For simplicity, denote by B the (full) Lasso solution
Brasso, and bg the solution to the reduced Lasso problem

1
minimize ~ ||y — Xgb||* + A||b]|1,
beRk 2

where S is the support of the ground truth 8. We show that (i)

(A.1) HX%zHOO <(14¢/2)\/2logp
and (ii)
(A.2) Hx’gxs(ﬁs —BS)HOO < Cy/(klog?p)/n

for some constant C', both happen with probability tending to one. Now
observe that X’g(y — Xgbg) = X’gz + X’EXS(,BS — bg). Hence, combining
(A.1) and (A.2) and using the fact that (klogp)/n — 0 give

| X5 - Xsbs)|| < [[X5Xs(8s )|+ [1X52

< Cy/(klog?p)/n+ (1+¢/2)y/2logp
=o(\/2logp) + (1 +¢/2)\/2logp
< (14 c¢)\/2logp
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2 W. SU AND E. CANDES

with probability approaching one. This last inequality together with the
fact that bg obeys the KKT conditions for the reduced Lasso problem imply
that padding bg with zeros on S obeys the KKT conditions for the full Lasso
problem and is, therefore, solution.

We need to justify (A.1) and (A.2). First, Lemmas A.6 and A.5 imply
(A.1). Next, to show (A.2), we rewrite the left-hand side in (A.2) as

XLXs(Bs — bs) = XeXs(XsXs) M (X5(y — Xsbs) — X§z).

By Lemma A.7, we have that

HXg(y - XS/I;S) - ngH < \/E)\—i-HngH < VEMA/32k10g(p/k) < C'\/klogp
holds with probability at least 1 — e /2 — (v/2ek/p)* — 1. In addition,
Lemma A.11 with t = 1/2 gives
1
<3
V1=1/n—/k*/n—1/2

—n/8

1 Xs(X5X5) | <

with probability at least 1—e — 1. Hence, from the last two inequalities

it follows that
(A.3) | Xs(X5X3) " (Xb(y — Xsbs) — Xb2)| < C"/Ilogy

with probability at least 1 — e™™2 — (v/2ek/p)*¥ — e™/® — 1. Since X5 is
independent of Xg(X5Xs) 1 (X5(y — Xsbg) — X5z), Lemma A.6 gives

HX%XS<X’sXs>‘1(X’S(y ~ Xsbs) — X’Sz)H

< \/@ HXs(X’sXs)‘l(Xé(y — Xgbs) — ng)H

with probability approaching one. Combining this with (A.3) gives (A.2).
Let bg be the solution to

N |
minimize - 18s + X5z — bH2 + A||b||1-

To complete the proof of (2.1), it suffices to establish (i) that for any constant
0 >0,

Ibs — Bs >
A4 sup P2 00 S5 >0,
( ) ”BHOF;k <2(1 + C)2k10gp
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and (ii)
(A.5) Ibs — bs|| = op (Hgs - 5s||>

since (A.4) and (A.5) give

Ibs — Bs?
A6 sup P| —/—"——5———>1-6| —1

for each § > 0. Note that taking § = 1 — 1/(1 + ¢)? in (A.6) and using the
fact that Es is solution to Lasso with probability approaching one finish the
proof

Proof of (A.4). Let ; = oo if i € S and otherwise zero (treat co as a
sufficiently large positive constant). For each i € S, gsﬂ- = fi+X/z—\, and

lbs; — Bil = | X[z — A > A — | X[=|.

On the event {max;cg |X/z| < A}, which happens with probability tending
to one, this inequality gives

bs — Bsl? = 3" (A = 1X[2])? = kA2 — 20 X[z + > (X[z)

€S €S €S
— (14 0p(1))2(1 + &)k log p,

where we have used that both Y, ¢(X/2)? and Y, ¢ |X/2| are Op(k). This
proves the claim.
__ Proof of (A.5). Apply Lemma 4.2 with T" replaced by S (here each of
bg,bs and B is supported on S). Since k/p — 0, for any constant ¢’ > 0, all
the singular values of Xg lie in (1 —4§’,1+¢") with overwhelming probability
(see, for example, [5]). Consequently, Lemma 4.2 ensures (A.5).

O

PROOF OF (2.2). We assume o = 1 and put A = AP¥. As in the proof of
Theorem 1.1, we decompose the total loss as

1Bsea = BII” = 11Bseas — Bsl> + 185, 5 — Bsll* = [1Bseass — Bsl* + 118, 51>

The largest possible value of the loss off support is achieved when yg is
sequentially soft-thresholded by A~I¥l. Hence, by the proof of Lemma 3.3,
we obtain

E ”’BSeq,§H2 =0 (Qk log(p/k))
for all k-sparse 3.
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Now, we turn to consider the loss on support. For any ¢ € .S, the loss is
at most

2
(Jzil + M) = Ai(i) + 27 + 2]z Ay

Summing the above equalities over all ¢ € S gives
N k
E ”IBSeq7S - 65’”2 < Z )\12 + Z 2’12 + 2 Z ’Zl’)\r(l)
=1 €8 €8

Note that the first term Zle A = (1+ o(1)) 2klog(p/k), and the second
term has expectation EY . _o 22 = k = o(2klog(p/k)), so that it suffices to

€S ~“i
show that
(A.7) E QZzi\)\r(i)] = o0(2klog(p/k)).
€S

We emphasize that both z; and r(i) are random so that {\,;)}ies and
{zi}ies may not be independent. Without loss of generality, assume S =
{1,...,k} and for 1 < i < k, let /(i) be the rank of the ith observation
among the first k. Since A is nonincreasing and /(i) < r(i), we have

Szl £ D0 Tzlhee < )0 Tzl

1<i<k 1<i<k 1<i<k

where [2[(1) > --+ > |2|) are the order statistics of z1,..., 2x. The second
inequality follows from the fact that for any nonnegative sequences {a;}
and {b;}, Zz aib; < ZZ a(z)b(z) Therefore, letting (1, ..., be i.i.d. N(0,1),
(A.7) follows from the estimate

k
(A8) > NE[C @ = o (2klog(p/k)).
=1

To argue about (A.8), we work with the approximations A\; ~ +/2log(p/7)
and E|[(];) = O( 2log(2k‘/i)) (see e.g. (A.15)), so that the claim is a

consequence of
i 2k
3 y/log P log = = o (2K log(p/k)),
i i
i=1
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which is justified as follows:

k 1
/ 2k k 2
Z logglog—, < k:/ logilog —dz
P i i 0 x x
log 1/logf
<k/ Ulog \/ogf
z  24/log p/k:

Clk log

\/log p/k

for some absolute constants C1, Co. Since log(p/k) — oo, it is clear that the
right-hand side of the above display is of o(2klog(p/k)). O

A.2. Proofs for Section 3. To begin with, we derive a dual formula-
tion of the SLOPE program (1.6), which provides a nice geometrical inter-
pretation. This dual formulation will also be used in the proof of Lemma

4.3. Our exposition largely borrows from [2].
Rewrite (1.6) as

1
(A.9) mir})i’rfize §||1°||2 + ; Ailbl;y subject to  Xb+r =y,
whose Lagrangian is
L(b,r,v) = f||r|| +Z>\ by — V' (Xb+ 71 —y).
Hence, the dual objective is given by
1
inf L£(b,r,v)=1"y —sup {V'r - H’I’HQ} —sup} (X'v)'b— Z Ailbl )
[d 2 b i

b,r
, 1 9 0 velyx
vy —Sllvl® - .
2 400 otherwise,

where C x := {v : X'v is majorized by A} is a (convex) polytope. It thus
follows that the dual reads

1
(A.10) maximize v’y — 5\\1/\\2 subject to v € C x.
v

The equality v’y — |[v|?/2 = —|ly — v||>/2 + ||ly||?/2 reveals that the dual
solution v is indeed the projection of y onto Cx x. The minimization of
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the Lagrangian over r is attained at » = v. This implies that the primal
solution B and the dual solution U obey

~

(A.11) y—XpB=

We turn to proving the facts.

PRrOOF OF FacT 3.1. Without loss of generality, suppose both a and b
are nonnegative and arranged in nonincreasing order. Denote by 7}* the sum
of the first k terms of a with T¢ £ 0, and similarly for b. We have

p p—1 p—1
a|® = Zak(Tlg—Tlg 1 ZTk ar—ap11)+ap Ty > ZTk ak—Q+1 —i—ap
= k=1 k=1
Similarly,
p—1
6] ZTk (be—brr1)+0p T <> T (br—bp1) +bp T Zbk Te-T2 )
k=1 k=1
which proves the claim. O
PROOFS OF FACTS 3.2 AND 3.3. Taking X = I}, in the dual formula-

tion, (A.11) immediately implies that a — proxy (a) is the projection of a
onto the polytope Cj 1,. By definition, Cy 1, consists of all vectors majorized
by A. Hence, a — prox, (a) is always majorized by A. In particular, if a is
majorized by A, then the projection a—prox, (a) of a is identical to a itself.
This gives prox, (a) = 0. O

PROOF OF FACT 3.4. Assume a is nonnegative without loss of generality.
It is intuitively obvious that

b>a = prox, (b) > prox, (a),

where as usual b > a means that b — a € ]Rﬂ. In other words, if the obser-
vations increase, the fitted values do not decrease. To save time, we directly
verify this claim by using Algorithm 3 (FastProxSL1) from [2]. By the av-
eraging step of that algorithm, we can see that for each 1 <14,5 < p,

Zakbk

p
= axbs,
k=1

0 [prox, (a)]; _ {#{gkgp: o @l Spen@L]  ProXa(a); = proxy (a); >0,

da 0, otherwise.

This holds for all a € R? except for a set of measure zero. The nonnegativity
of 0 [proxy (a)], /0a; along with the Lipschitz continuity of the prox imply



SUPPLEMENT 7

the monotonicity property. A consequence is that || [prox, (a)]7 || does not
decrease as we let a; — oo for all 4 € T'. In the limit, || [proxy (a)]7 || mono-

tonically converges to || proxy | (aT) ||. This gives the desired inequality.
O

As a remark, we point out that the proofs of Facts 3.2 and 3.3 suggest
a very simple proof of Lemma 3.1. Since @ — proxy (a) is the projection of
a onto Cy 1,, || prox (a) || is thus the distance between a and the polytope
Ci.1,- Hence, it suffices to find a point in the polytope at a distance of
I(la| — A)+|| away from a. The point b defined as b; = min{|a;|, A\;} does
the job.

Now, we proceed to prove the preparatory lemmas for Theorem 1.1,
namely, Lemmas A.3 and A.4. The first two lemmas below can be found
in [1].

LEMMA A.1. Let U be a Beta(a,b) random variable. Then

ElogU = (logT'(a))’ — (logT'(a +b))’,

/

where I denotes the Gamma function and (logT'(z)) is the derivative with

respect to x.

LEMMA A.2.  For any integer m > 1,
m—1 1 1
logT’ = — - =1 O<7)7
(log I'(m)) 7+;j ogm +0(—

where v = 0.577215 - - - is the Fuler constant.

LEMMA A.3. Let { ~ N(0,1,_1). Under the assumptions of Theorem
1.1, for any constant A > 0,

Ak
S 3 B~ L) 0.
2klog(p/k) — @) T+

PROOF OF LEMMA A.3. Write \; = AP" for simplicity. It is sufficient
to prove a stronger version in which the order statistics |(|(;) come from p
i.i.d. N(0,1). The reason is that the order statistics will be stochastically
larger, thus enlarging E (|C lG) — )\Eﬂi)i, since (¢ — A)% is nondecreasing in
(. Applying the bias-variance decomposition, we get
(A.12)

E (I¢l) — Meti) s S E (ISl — M) = Var([€ ) + (E [Gw)| — Aesi)
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We proceed to control each term separately.
For the variance, a direct application of Proposition 4.2 in [3] gives

(A.13) Var (| |) = 0(@)

for all i < p/2. Hence,

|Ak] |Ak| 1
Var(|¢;|) = O —— | = o0(2klog(p/k)),
> Varllioh = O | 32 frogrrs | = o2kosto/b)
where the last step makes use of log(p/k) — oo. It remains to show that
LAK]
2
(A.14) ST (B0 = M) = o(2k log(p/k)).
i=1

Let Uy, ..., Uy be ii.d. uniform random variables on (0,1) and U; be the
i*h smallest—please note that for a change, the U;’s are sorted in increasing
order. We know that Uj;) is distributed as Beta(i,p + 1 — i) and that |(|;
has the same distribution as ®~ (1 — Uy;)/2). Making use of Lemmas A.1

and A.2 then gives
"1

E[¢[7y =B [®7'(1 - U /2)%] ~E [21og(2/Uy)] = 2log2+2) | = (1+o(1))21og(p/i),
j=i

where the second step follows from (1 + op(1))2log(2/Uy)) < ®7'(1 —
U(i)/2)2 < 2log(2/U;)) for i = o(p). As a result,

E ¢l < \JEIC, = (1+0(1)v/210g(p/7)
E G| = \/EICZ) = Var(clo) = (1+o(1)) v2 og(p/).

(A.15)

Similarly, since k + i = o(p) and ¢ is constant, we have the approximation

M = (1+ 0(1))v/2log(p/ (k + 1)),

which together with (A.15) reveals that
(A.16)

(B (G| — M) < (14+0(1))2 [ /1o8(0/5) — /iog(p/(k + 1)) +o(1) log(p/i).
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The second term in the right-hand side contributes at most o(1) Ak log(p/(Ak)) =
o(1) 2k log(p/k) in the sum (A.14). For the first term, we get

- —12 log?(1+ k/i )
[Vio8(2/) ~ gl (E+1))] = SUEMD  — o)log2(1+k/i).
[\/log(p/i) + /log(p/(k + 1))

Hence, it contributes at most

(A.17)
LAk| AR

Zlog (I1+Ek/i) <o(1 Zk/_ log(1 + 1/z)dz

=1

A
= o(l)k:/ log?(1 4 1/z)dz = o(2klog(p/k)).
0
Combining (A.17), (A.16) and (A.14) concludes the proof. O

LEMMA A4, Let ¢ ~ N(0,I,_) and A > 0 be any constant satisfying
q(14+ A)/A < 1. Then, under the assumptions of Theorem 1.1,

1 = BH \2
) A )
2klog(p/F) B (ICly = M)

PROOF OF LEMMA A.4. Again, write \; = AP" for simplicity. As in the
proof of Lemma A.3 we work on a stronger version by assuming ¢ ~ N(0, I,).
Denote by ¢ = ¢q(1 + A)/A. For any u > 0, let o, = P(IN(0,1)] >
Aiyi +u) = 20(—=Agqi — u). Then P([(];) > Agyi +u) is just the tail proba-
bility of the binomial distribution with p trials and success probability a,.
By the Chernoff bound, this probability is bounded as

(A.18) P(I¢| ) > Mepi + 1) < e PRUEPlaw),

where KL(al|b) := alog ¢+ (1—a)log =% is the Kullback-Leibler divergence.
Note that

ORGP _ ifp | 1ifp _

(A.19) 5 =+ g < 176+1
for all 0 < b < i/p. Hence, from (A.19) it follows that
(A.20)
) . * 9KL a0 g
KL (i/plon) = KL i/plla) = = | o / oy

ag ;
> / — — 1db
u)\kJ”aQ pb

U
= 7pk+l — Q) <1 - G_U)\k""i) s
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where the second inequality makes use of a,, < e "+iqg. With the proviso
that ¢(14+ A)/A < 1 and i > Ak, it follows that

(A.21) ag = q(k +1)/p < d'i/p.
Hence, substituting (A.21) into (A.20), we see that (A.18) yields

P(ICl > Ao + 1) < o P (KL( o) ~KL(} l00)  ~p KL( lleo)
(A.22) < o P(KL( llon)=KL(} l]oo)
< exp (—iu)\;H_i + q/i(l — exp ( — U>\k+z‘))) .

With this preparation, we conlude the proof of our lemma as follows:
E (I¢l6) — )\k—&-i)i = /OOOIP’ (¢l = Aka)t > z) da
= [ Bl > A Vs
= 2/000 uP(IC] @) > Akei + w)du,
and plugging (A.22) gives
E (\C|(i) — )\kﬂ')i <2 /000 uexp ( — Ui + q'z’(l — exp ( — u/\kﬂ-)))du

_ 2 /  e(a—d (=) g,
0

N
2 [ —(a—q' (1—e—"))i
<3 ze~ (#=01=e)igy,
Y
p JO
This yields the upper bound
p—k 9 p—k .
2 —(z—q'(1—e™%))5
Z E (K‘(i) - >\k+i)+ < 2 / g (e—d'(1 Didy
i=[AK] b i~k /0

Since the integrand obeys

1' xe_(w_q/(l_e_x)) o 1
0 —e @ a0 e)  1_g
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and decays exponentially fast as x — oo, we conclude that Zf;ﬁ AR E([Cley —

Ak+i)2 is bounded by a constant. This is a bit more than we need since
2k log(p/k) — oc. O

A.3. Proofs for Section 4. In this paper, we often use the Borell
inequality to show that P(||NV(0, I,,)| > v/n +t) < exp(—t2/2).

LEMMA A.5 (Borell’s inequality). Let ¢ ~ N(0,1I,) and f be an L-
Lipschitz continuous function in R™. Then

+2

P(f(¢) > Ef(C) +1) < e 2

for every t > 0.
LEMMA A.6. Let (i,...,¢p be i.i.d. N(0,1). Then
max |G| < V2logp
holds with probability approaching one.

The latter classical result can be proved in many different ways. Suffices
to say that it follows from a more subtle fact, namely, that

loglog p + log 4w
21 i— 21
V ogp(fﬂgXC V2logp + —— TTogp

converges weakly to a Gumbel distribution [4].

PROOF OF LEMMA 4.3. Let B'ift be the lift of by in the sense that BUft =
br and B\l%ft = 0 and let |T'| = m. Further, set v := y — Xpby =y — X@ift,
Applying (A.10) and (A.11) to the reduced SLOPE program, we get that

Xro < Alm,

By the assumption, X/Tﬂ is majorized by A~[™). Hence, X' the concate-
nation of X7 and X-v—is majorized by A = (Al X~y This confirms
that v is dual feasible with respect to the full SLOPE program. If addition-
ally we show that

(A.23) Sy = XBP+ D NIF ) = Py - 5117,

()
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then the strong duality claims that ,é\“ft and v must, respectively, be the

optimal solutions to the full primal and dual.

In fact, (A.23) is self-evident. The right-hand side is the optimal value of
the reduced dual (i.e., replacing X and X by X7 and A™ in (A.10)), while
the left-hand side agrees with the optimal value of the reduced primal since

1 Ality2 _ L o2 3 2lift - 7
§||y - X" = §|Iy — Xbr|” and Z;)\i\ﬁ liy = z;)\z‘|bT|(i)'
1= 1=
Since the reduced primal only has linear equality constraints and is clearly
feasible, strong duality holds, and (A.23) follows from this. O

LEMMA A.7. Let 1 < k* < p be any (deterministic) integer, then

sup || X7z < v/32k*log(p/k*)
IT|=k*

with probability at least 1 — e~™2 — (v/2ek* /p)¥". Above, the supremum is
taken over all the subsets of {1,...,p} with cardinality k*.

ProoF oF LEMMA A.7. Conditional on z, it is easy to see that X'z
is distributed as i.i.d. centered Gaussian random variables with variance
|z||?/n. This observation enables us to write

o |zl

\/ﬁ((la-~'7<p)7

where ¢ := ((1,...,(p) consists of i.i.d. AN'(0,1) independent of ||z||. Hence,
it is sufficient to prove that

Izl <2V, [Cl7) + -+ LGy < 8K log(p/k")

simultaneously with probability at least 1 — e~"™/2 — (\/ﬁek*/p)k*. From
Lemma A.5, we know that P(||z] > 2y/n) < e 2 so we just need to
establish the other inequality. To this end, observe that

1
e2k* log %

X'z

P(ICRy + - +[Ce) > 8K log(p/k") ) <

L(1C12 4|2

S ot (€ 4+, )
< 7,1<"'<Zk*
- 2k* log &

e 3

P\ ok*/2
_ ()2

eZk*logk%
(ﬁek*)k*

p
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]

We record an elementary result which simply follows from ®~1(1—¢/2) <

2log1/c for each 0 < ¢ < 1.

LEMMA A8. Fiz0<gq<1. Then for all1 <k <p/2,

(A2 < ¢, - klog(p/k),
1

k
1=

for some constant Cyq > 0.

In the next two lemmas, we use the BHq critical values AB" to majorize
sequences of Gaussian order statistics. Again, a < b means that b majorizes
a.

LEMMA A.9.  Given any constant ¢ > 1/(1—q), suppose max{ck, k+d} <
k* < p for any (deterministic) sequence d that diverges to co. Let (1, ..., (p—k

be i.i.d. N(0,1). Then
(1€l k*—k1)5 € =2y - 5 [CT =) = (ARrers Mittias - ADY)

with probability approaching one.

PrROOF OF LEMMA A.9. It suffices to prove the stronger case where ¢ ~
N(0,1,). Let Uy,...,Up, be iid. uniform random variables on [0,1] and
Uy < -+ < Uyp) the corresponding order statistics. Since

d _ _
(¢l —tt1ys - - - [l per)) = (27HL = Ugr—p1)/2) -, @71 = Uiy /2))

the conclusion would follow from

P (U(k:*—k—i-j) > Q(k* +j)/p7 Vj € {17 SRS 2 k*}) — L

Let Eq, ..., Epy1 be iid. exponential random variables with mean 1 and
denote by T; = Eq + - -- + Ej. Then the order statistics U(;) have the same
joint distribution with 7; /7,4 ;. Fixing an arbitrary constant ¢’ € (¢,1—1/c),
we have

P (U —ktjy = a(k* 4+ 3)/p, Vi) = P (Ths—prj > ¢ (K +5), V§) =P (Tps1 > ¢'p/q) -

Since P (Tp+1 > ¢'p/q) — 0 by the law of large numbers, it is sufficient to
prove

(A.24) P(Thr—prj > ¢ (K" +34),Vie{l,....,p—k*}) = 1.
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This event can be rewritten as
Tir—tktj — Thr—k — '3 = @'k — T,

for all 1 < j < p— k*. Hence, (A.24) is reduced to proving

<A25) P ( Hlln Tk*,kJrj — Tk*fk — q/j > q/k* — Tk*k) — 1.
1<j<p—k*

As a random walk, Tjx_j+; — Tpx—i — ¢'j has 1.i.d. increments with mean
1—¢' > 0 and variance 1. Thus mini<j<p— g Thr—k4j — T~k — ¢'j converges
weakly to a bounded random variable in distribution. Consequently, (A.25)
holds if one can demonstrate that ¢'k* — Tp«_j diverges to —oo as p — oo
in probability. To see this, observe that
q/k* qlc

LY — k) = Thep <
k. ) =Tk s T3

'k = Ty, = (K* — k) — T,

where we use the fact k* > ck. Under our hypothesis ¢'¢/(¢ — 1) < 1, the
process {¢'ct/(c —1) —T; : t € N} is a random walk drifting towards —oo.
Recognizing that k* — k > d — oo, we see that ¢'c(k* — k)/(c — 1) — Tpx_x
(weakly) diverges to —oo since it corresponds to a position of the preceding

random walk at ¢ — oo. This concludes the proof.
O

LEMMA A.10.  Let Ci,...,C(p—k be i.i.d. N'(0,1). Then there exists a con-
stant Cy only depending on q such that

1

with probability tending to one as p — oo and k/p — 0.

Proor or LEMMA A.10. Let Uy,...,U,—j bei.i.d. uniform random vari-
ables on [0, 1] and replace ¢; by ®~!(1 — U;/2). Note that

_ / 2 / 2p
1 - .

Hence, it suffices to prove that for some constant n;,

(A.26) log(2/U;y) log(p/k) < iy -logp - log(2p/(k + )
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holds for all 4+ = 1,...,p — k with probability approaching one. Applying
the representation given in the proof of Lemma A.9 and noting that T},11 =
(14 op(1))p, we see that (A.26) is implied by

(A.27) log(3p/T;) log(p/k) < Ky - logp - log(2p/(k + 7).

We consider ¢ < 4,/p and i > 4,/p separately.
Suppose first that ¢ < 4,/p. In this case,

log(2p/(k +1)) = (1 + o(1)) log(p/k).

Thus (A.27) would follow from

log(3p/T;) = O(log p)

for all such 7. This is, however, self-evident since T; > E; > 1/p with prob-
ability 1 — e~/ = 0(1).

Suppose now that ¢ > 4,/p. In this case, we make use of the fact that
T; > i/2 — \/p for all i with probability tending to one as p — oco. Then we
prove a stronger result, namely,

i/2—\/p

for all 7 > 4./p. This follows from the two observations below:

p
-logE §n;10gp‘logk+i.

3p
i/2— /D

2
P - > min{logg,log B} .
)

1
8 k+i k

= log 2, log
i

O]

In the proofs of the next two lemmas, namely, Lemma A.11 and Lemma
A.12, we introduce an orthogonal matrix Q € R™*™ that obeys

Qz = (||z[],0,...,0).

In the proofs, @ is further set to be measurable with respect to z. Hence,
Q is independent of X . There are many options available to construct such
a @, including the Householder transformation. Set

w

wolo

}:—QX,
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where w € RIP and W € R=DxP_ The independence between @ and
X suggests that W is still a Gaussian random matrix, consisting of i.i.d.
N(0,1/n) entries. Note that

Xiz = (QX:)(Qz) = ||z(QX) = ||=[lw;.

This implies that S* is constructed as the union of S and the £* — k indices
in {1,...,p} \ S with the largest |w;|. Since w and W are independent,
we see that both WS—* and 17[73* are also Gaussian random matrices. These
points are crucial in the proof of these two lemmas.

LEMMA A.11. Let k < k* < min{n,p} be any (deterministic) integer.
Denote by omin and opax, respectively, the smallest and the largest singular
value of Xg+. Then for any t > 0,

Omin > \/1—1/n—\//~3*/n—t

—nt?/2

holds with probability at least 1 — e . FPurthermore,

Omax < V1 —1/n+4 /k*/n+ /8k*log(p/k*)/n +t

holds with probability at least 1 — e~™"/2 — (\/2ek* /p)¥" .

PROOF OF LEMMA A.11. Recall that W/S* e RO=DxE" jg a4 Gaussian
design with i.i.d. M'(0,1/n) entries. Since Wg+ and Xg+ have the the same
set of singular values, we consider Wgsx.

Classical theory on Wishart matrices (see [5], for example) asserts that (i)
all the singular values of W are larger than /1 — 1/n — \/k*/n — t with
probability at least 1 — e™"/2 and (ii) are all smaller than /1 — 1/n +
\/k*/n + t with probability at least 1 — e /2, Clearly, all the singular
values larger of Wg+ are at least as large as Jmin(WS*). Thus, (i) yields
the first claim. For the other, Lemma A.7 asserts that the event ||wg«| <

8k*log(p/k*) happens with probability at least 1 — (v/2ek*/p)*". On this
event,

W || < /| W |12 + 8k* log(p/k*),

where || - || denotes the spectral norm. Hence, (ii) gives

[We|| < [|[Wee||++/8k* log(p/k*) < \/1— 1/n+/k* /ntt+/8k* log(p/k*)

with probability at least 1 — e /2 (V2ek* /p)*".
O
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LEMMA A.12. Denote by 85* the solution to the reduced SLOPE problem
(4.6) with T = S* and X = A¢. Keep the assumptions from Lemma A.9, and
additionally assume k* / min{n,p} — 0. Then there exists a constant Cy only
depending on q such that

~ k*lo
X’ X+ (Bsr —bgx) 2 Cy - \/?( ey ts - A

with probability tending to one.

PrOOF OF LEMMA A.12. In this proof, C' is a constant that only de-
pends on ¢ and whose value may change at each occurrence. Rearrange the
objective term as

X, Xs*(ﬁs* — bs*) X Xs*(XS*Xs*) 1(ng*(y — Xs*/i)\g*) — Xé*z)
= XLQ' QX5 (X5 X5:) Xk (y — Xgobge) — X} 2)
= X Q¢

where

£ = QX g (X Xge) ™! (Xg* (y — Xg-bg+) — ng*z) .

For future usage, note that £ only depends on w and Wg* and is, therefore,
independent of W

We begin by boundlng ||€]]. Tt follows from the KKT condition of SLOPE
that X¢. (y — Xg+ bg*) is majorized by A¥’l. Hence, it follows from Fact 3.1
that

(A.28) HX’S (y — Xgbs)

| < 1A,

Lemma A.11 with ¢t = 1/2 gives

(A29) || Xs(X5.Xg:)7H| < <\/1 —1/n—k*/n — 1/2>_1 <2.01

with probability at least 1 — e~"/8 for sufficiently large p, where in the last
step we have used k*/n — 0. Hence, from (A.28) and (A.29) we get

le] < || X s+ (X5 Xg0) ‘XS* ~ Xgubg) — Xz
< 2.01 (H,\W]H + 4\/W)
<201 (1+ VT +4v2) Vi log(p/k)
= C -/l log(p/k*)

(A.30)
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with probability at least 1 — e™™/2 — (v/2ek*/p)F" — e /8 — 1; we used
Lemma A.7 in the second line and Lemma A.8 in the third. (A.30) will help
us in finishing the proof.

Write
(A31) XiXs(Bse—bs) = XeeQ'& = Wit = (s, 0) £+ (o, vT%) ¢
It follows from Lemma A.9 that wgs is majorized by (AP, 1, AR, ..., A2") /v/n

in probability. As a result, the first term in the right-hand side obeys
(A.32)

k*
(W5r.0) & = &1 Wi < [J€l| - W = C -\ - log 1 (A1 AR . AR

with probability tending to one. For the second term, by exploiting the
independence between § and Wgr, we have

0%) ¢

24 ... 2
W(Clv .. w{p—k*)a

where (1,..., (-, are i.id. N(0,1/n). Since k*/p — 0, applying Lemma
A.10 gives

logp (\en B
ey Cppx) O | ————— *
(Cl? an k ) =C log(p/k*) ( k*+1> a)\p )

with probability approaching one. Hence, owing to (A.30),

a3 (0We)e= 0TI O )

holds with probability approaching one. Finally, combining (A.32) and (A.33)
gives that

X1 X5 (Bse — bs) = (W, 0) €+ (07 V~V%> ¢

<C- <\/10 \/k*logp> ( 113§+17"'7/\1]3H)
k*lo
<C -y ngp( P, AR)

holds with probability tending to one. O
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A.4. Proofs for Section 5.

LEMMA A.13. Keep the assumptions from Lemma 5.1 and let C1,...,(p
be i.i.d. N'(0,1). Then

#{QSZ'S]):Q>T+C1}—>OO
i probability.

PrOOF OF LEMMA A.13. With probability tending to one, 7/ := 7+ (3
also obeys 7'/v/2logp — 1 and y/2logp — 7" — oo. This shows that we only
need to prove a simpler version of this lemma, namely, # {1 <i<p:({ > 7} —
o0 in probability.
Put A = \/2logp—7 = o(y/2logp) and a = P(§; > 7). Then, #{1 < i <p:{ > 7}
is a binomial random variable with p trials and success probability a. Hence,
it suffices to demonstrate that ap — oco. To this end, note that

cI)(7—> ~ lie—é — 1 e~ log p—A2Z/24+A\/2Togp
T2 2logp

L areavaies
pv2logp

a=1-—

which gives
ap = 1 o(1+o(1)AV2Tog D,
v2logp

Since A — oo (in fact, it is sufficient to have A bounded away from 0 from
below), we have

o1+o()AVIRED /. /305 — o0,

as we wish. O

PRrROOF OF LEMMA 5.1. For sufficiently large p, 2(1 — €)logp < (1 —
€/2)7%. Hence, it is sufficient to show

Pr (18- BI7 < (1-¢/2)7%) >0
uniformly for all estimators B\ Letting I be the random coordinate,

1B =8I =5} +(Br =) = IBII* + 7 — 27,
i#1
which is smaller than or equal to (1 — ¢/2)72 if and only if

~ 28 2 4er?
5 ABP xert
-
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Denote by A = A(y;,@) the set of all i € {1,...,p} such that Bi > (218> +
e72)/(47), and let b be the minimum value of these 3;. Then

R 3112 2 2 2 24/2|A[b? - er?
bZzHﬁH + €T >2\A\b tert 2V A

47 - 4T - 47 ’

which gives
(A.34) |A] < 2/e.

Recall that ||[5’ BlI? < (1 —¢/2)7% if and only if I is among these |A|
components. Hence,

(A35)
TYi
Pe (18— 817 < (1 - ¢/2)7%y) = Ball € Aly) = 3 Pall = ily) = Z;Azy
=1

€A

where we use the fact that A is almost surely determined by y. Since (A.35)
is maximal if A is the set of indices with the largest y;’s, (A.35) and (A.34)
together yield

Pr (18- 812 < (1 - ¢/2)7?)
<P, (yI = 7+ 27 is at least the [2/€]™ largest among y, . .. ,yp> — 0,

where the last step is provided by Lemma A.13.
O

PROOF OF LEMMA 5.3. To closely follow the proof of Lemma 5.1, denote
by A = A(y, X;B) the set of all i € {1,...,p} such that §; > (2Hﬁ|y2
ea®7?)/(4at), and keep the same notation b as before. Then ||ﬁ B2 <
(1 —€/2)a?7? if and only if I € A. Hence,

(A.36)

x (1B =B < (1 - ¢/2)a%?

y,X> =P.(I € Ay, X
€A
_ > Aexp(aTX,f — o272 X || /2)
N v 1exp(ozTX,fy—a27'2||X,~||2/2)

and this quantity is maximal if A is the set of indices i with the largest
values of X/y/a — 7| X;||?/2. As shown in Lemma 5.1, |[A| < 2/e, which
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gives

(A37) Pr (18- BI2 < (1 - ¢/2)a*?)
<Pr (X}y/a — 7| X1||?/2 is at least the [2/€]™} 1argest> .
We complete the proof by showing that the probability in the right-hand
side of (A.37) is negligible uniformly over all estimators 3 as p — oco. By the
independence between I and X, z, we can assume I = 1 while evaluating

this probability. With this in mind, we aim to show that there are sufficiently
many ¢’s such that

Xly/a—Z|1XillP~Xiy/a+5 | X1l = X] (z/a + 7X0)~ 2|1 Xil P~ Xiz/a— | X0
is positive. Since

Xiz/a+ 2| X1l = Op(1/a) + 5 (1+ Op(1/vn)) |
it suffices to show that

(A.38)

C
#{2§z’§p:X£(Z/a+rX1)—gHXz-II2> Z

Ch T
A+ S s

holds with vanishing probability for all positive constants Cp,Cs. By the
independence between X; and z/a + 17X, we can replace z/a + 7X; by
(lz/a + 7X1]|,0,...,0) in (A.38). That is,

T T T
X[ (zfa+7X1) = S| XillP £ Jlz/a+ 7X0]| Xig = 5 X2 = S X,

where X; _1 € R"! is X; without the first entry. To this end, we point out
that the following three events all happen with probability tending to one:
#{2<i<p:|Xil <1}/p—1/2
2logp

(A.39) max X7 < ==,

lz/a+ 17X = (Vi - Viogp) /o
Making use of this and (A.38), we only need to show that
(1= V0ogp)/n) VX, > Tlogp+T+C1+T+C2T}
n 2 o 2 /n
Tlogp n (&} N C’QT}

Né#{2§igo.49p:

1
«

1
9 < i <0.49 ;7(1— 1 ) X,
#{ <i<049p: — (logp)/n) vVnXi1 > 7+ . <t om
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obeys
(A.40) N <[2/e] -1

with vanishing probability. The first line of (A.39) shows that there are at
least 0.49p many ¢’s such that || X; _1|| < 1 and we assume they correspond to
indices 2 < i < 0.49p without loss of generality. (Note that N is independent
of all X; _1’s.) Observe that

. r47logp)/n+Ci/a+ Cor/Vn _ (1 Ly Jlosp

(1 - (logp)/n> e K

for sufficiently large p (to ensure (logp)/n is small). Hence, plugging the
specific choice of 7 and using « < 1, we obtain

< (1 +2\/(logp)/n> 7+ 0(1) < \/2logp — log\/2logp + O(1),

which reveals that /210g(0.49p) — 7/ = /2logp — 7" + o(1) — oo. Since
vnXy; are iid. N(0,1), Lemma A.13 validates (A.40). O

> 74+ 0O(1)

PROOF OF COROLLARY 1.5. Let ¢ > 0 be a sufficiently small constant
to be determined later. It is sufficient to prove the claim with p replaced
by a possibly smaller value given by p* := min{|cn],p} (if we knew that
Bi; =0 for p* + 1 < i < p, the loss of any estimator X [/3\ would not increase
after projecting onto the linear space spanned by the first p* columns).
Hereafter, we assume X € R™P?" and 8 € RP". Observe that p = O(n)
implies p = O(p*) and, therefore,

(A.41) log(p*/k) ~ log(p/k).

In particular, k/p* — 0 and n/log(p*/k) — oo. This suggests that we can
apply Theorem 5.4 to our problem, obtaining

. 18— Bl :
inf sup Pl ——~<>1—-¢€¢| —> 1.
B 1IBllo<k <2klog(p*/k:)

for every constant € > 0. Because of (A.41), we also have

. 18 - 81’ /
(A.42) inf sup P| o——F—F~<>1—-€¢] =1
B IBlo<k  \ 2klog(p/k)

for any € > 0.
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Since p*/n < ¢ < 1, the smallest singular value of the Gaussian random
matrix X is at least 1 — /c + op(1) (see, for example, [5]). This result,
together with (A.42), yields

XA - X2
inf sup P —H B Al

—JO2(1 — ¢
3 18lo<k \ 2klog(p/k) > (11— (1—¢) | =1

for each ¢ > 0. Finally, choose ¢ and € sufficiently small such that (1 —
VoR(l—€)>1-e O
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